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Abstract. We parameterize the finite-dimensional irreducible 
representations of a class of pointed Hopf algebras over an 
algebraically closed field of characteristic zero by dominant 
characters. The Hopf algebras we are considering arise in the 
work of N. Andruskiewitsch and the second author. Special 
■ cases are the multiparameter deformations of the envelop- 

ing algebras of semisimple Lie algebras where the deforming 
parameters are not roots of unity and some of their finite- 
dimensional versions in the root of unity case. 
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Introduction 

> 

Q\ \ In this paper we parameterize the finite-dimensional irreducible rep- 

resentations of pointed Hopf algebras over an algebraically closed field 
k of characteristic zero which arise in recent classification work [21 II]- 
These Hopf algebras are quotients of two-cocycle twists 

\Q . 

O- H=(U®A) <r , 



where U and A have the form B#k[G] where k[G] is the group algebra 
of an abelian group G over k and B is a left /c[G]-module algebra and 
a left fc[G]-comodule coalgebra ^2j- More precisely B = *8(X) is 
the Nichols algebra of a finite-dimensional Yetter-Drinfeld module over 
the group algebra k[G). See Section 2] for a discussion of Nichols 
^ ; algebras and Yetter-Drinfeld modules in general. 

Thus 

U = <8(W)#fc[A] and A = »(V)#Jfe[T], 

where A and V are abelian groups, and W and V are Yetter-Drinfeld 
modules over A and Y respectively. We assume that W and V are 
direct sums of one-dimensional Yetter-Drinfeld modules. The 2-cocycle 
o : (U ® A) (g> (U <g> A) — > k is given in terms of a bilinear form (3 : 
W®V^k. 

In the Sections^and|21we study the set Iyt(H) of isomorphism classes 
of finite-dimensional irreducible if -modules. We assume that the finite- 
dimensional irreducible U- and A-modules are one-dimensional; by 

l 
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Theorem 11.11 this assumption is satisfied in the infinite-dimensional 
generic case, that is, when the diagonal elements of the braiding matrix 
of W are not roots of unity, and when U and A are finite-dimensional. 
Then we have shown in jT^ that the finite-dimensional irreducible H- 
modules have the form L(p, where p G A and \ T are certain 
characters. We conclude from results of and Jl] that there are 
Yetter-Drinfeld submodules W C W and V C V, and a Hopf algebra 
projection H — > ii 7 defining a bijection 

(0.1) Irr(if') ^ Irr(iJ), 

where F' = (<B(H/')#M A ] ® <B(y')#M r ]) a '; an d cr' is the restriction 
of a such that the restricted bilinear form f3' : W <8> V — > /c is non- 
degenerate. 

In Section |21 we assume that the bilinear form f3 is non-degenerate. 
The main result of this section is Theorem 12.81 where we show that 

(0.2) {(p, x) e A x f | (p, x) dominant} -> Irr((C7 ® A) CT ), 

given by mapping (p, x) onto the isomorphism class of L(p,x), is bi- 
jective. The assumption in Theorem 12.81 is that the braiding matrix of 
W is generic, that is all its diagonal entries are not roots of unity, and 
of finite Cartan type |l a . The notion of a dominant pair of characters 
(p,x) is defined in (|2.16j) . 

In Section El we apply the results of the first two sections to the 
class of pointed Hopf algebras studied in 0j, in particular to the Hopf 
algebras of the type U(T>, A) or u(V, A) described below. Let (gi)i<i<e 
be elements in T, let (Xi)i<%<0 be elements of T, the A;- valued characters 
of T, and let {dij)i<i,j<e be a Cartan matrix of finite type. Then the 
collection 

p = p(r,( ft ),(xi),K)) 

is called a datum of finite Cartan type 0] if 

QijQji = Qu !> with Qij = Xjisk) for a11 1 < h3 < Q- 

T> is called generic if no qu is a root of unity. 

Let A = (^ij)i<i,j<e,i^j be a family of linking parameters for V, 
that is, \ij G k for all 1 < i, j < 9, i ^ j ; \~ = —q.^.^ anc l jf 
g&j = 1 or XiXj e, then Ay = 0. 

The Hopf algebra U(V, A) is generated as an algebra by the group 
T, that is, by generators of T satisfying the relations of the group, and 
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Xi,...,xe, with the relations: 

(Action of the group) gxig' 1 = Xi(d) x ii f° r a U h an d ah 9 £ I\ 
(Serre relations) a.d c (x i ) 1 ~ aiJ (xj) = 0, for all i j,i ~ j, 

(Linking relations) ad c (xi)(xj) = Ay(l — <7i<7j), for all z ^ j. 

The coalgebra structure is given by 

A(xj) = Qi ® Xi + Xi <S> 1, A((/) = g ® g, for all 1 < z < 9, g 6 T. 

In jlj a glueing process was used to build £/(P, A) inductively by adding 
one connected component at a time and modding out some central 
group-like elements in each step. The methods of the present paper to 
parameterize the finite-dimensional irreducible modules do not apply 
to this description of U(T>, A), since in Theorem 12 .81 we have to assume 
that the finite-dimensional irreducible modules over U and A are one- 
dimensional. In Lemma l3~21 we show that the linking graph of (T>, A) in 
the generic case has no odd cycles. Hence the linking graph is bipartite, 
and we can give another description of U(T>, A) by one glueing only. 
As a consequence Theorem 12.81 applies and in Theorem 13.71 we obtain 
a bijection 

(0.3) {x € f | x dominant } -> Itt(U(D, A)), 

where dominant characters x are defined in (j3.16|) . In the proof we use 
the reduction to the non-degenerate case by ([0.1)1 . 

The Hopf algebras U(T>,X) with generic braiding matrix form a very 
general class of pointed Hopf algebras of finite Gelfand-Kirillov dimen- 
sion and with abelian group of group-like elements. In Section 13.31 we 
introduce reduced data V red of finite Cartan type and define Hopf al- 
gebras U(V re d,l), where I = (k)i<i< n is a family of non-zero scalars. 
The Hopf algebras U(T> re d,l) are a reformulation of U(T>, A) in the 
non-degenerate case, that is, when any vertex of {1, ...,#} is linked 
to some other vertex. Thus to study the finite-dimensional irreducible 
U(V, A)-modules it suffices to consider modules over U(V re d, I). 

In Lemma 13.131 we describe U(V red , I) by the usual generators Ei 
and Fi,l < i < n, and deformed Serre relations. In the end of Section 
13.31 we note that the one-parameter deformation U q (g) of U(g), where 
q is a semisimple Lie algebra (see [llj), Lusztig's version of the one- 
parameter deformation with more general group-like elements in [Hj, 
and the two-parameter deformations of U(gl n ) and U(sl n ) discussed in 
[H] are all special cases of U(V re d, I). In all these cases the parametriza- 
tion of the finite-dimensional irreducible representations (of "type 1") 
by dominant weights is a special case of ()0.3|) . 
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Our results on parameterization of the irreducible represenations can 
be partially extended to the finite-dimensional versions of U(T>, A) in 
[5], where T is a finite abelian group. We assume that the root vector 
relations in [3] are all 0. The finite-dimensional Hopf algebras u(T>, A) 
defined in Section EOl generalize Lusztig's Frobenius kernels. The link- 
ing graph of u(T>, A) is bipartite if the Cartan matrix is simply laced 
but not in general. The finite-dimensional version of Theorem 12.81 ap- 
plies to u(T>, A) with bipartite linking graph, and in Theorem I3.2UI we 
obtain a bijection 

(0.4) f -> Itt(u(V,X)). 

Throughout this paper k is an algebraically closed field of character- 
istic zero. 

1. Preliminaries and general theorems 

We recall and reformulate some general results from and [H] 
for the class of Hopf algebras we are considering. We refer to (31 Sec- 
tion 2] for a discussion of braided Hopf algebras, Nichols algebras and 
Yetter-Drinfeld modules in general, and to and ^U] for Hopf alge- 
bra theory. 

Let T be an abelian group. A Yetter-Drinfeld module over k[T] can 
be described as a T-graded vector space which is a T-module such that 
all ^-homogeneous components, where g G V, are stable under the In- 
action. We denote the category of Yetter-Drinfeld modules over k[T] 
by Wy D = r yv 

For X G i<yV , g G V, and x G T we define 

X g = {x G X | 8{x) = g <g) x] 

and 

X x g = {x G X g | h ■ x = x(h)x for all h G T}. 
The category Y<yV is braided and for X,Y G \yT> 

c: X <S>Y -> Y <g> X,x ®y h-> g ■ y <g> x,x G X g ,y G Y, 

defines the braiding on X <8> Y. 

Let > 1, flr x , . . . , (ft G T, xi, ■ ■ ■ , Xe e T, and 

Qtj = Xj(9i), 1 < i,j < 0. 

Let X G fyD be the object with basis x { G X£, 1 < i < 0. The 
braiding on the vector space X is given by 

c(x{ ® Xj) = g^-Xj ® Xj, 1 < i,j < 9. 
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A braided graded Hopf algebra 

R = ®n>oR(n) in v T yV 

is a Nichols algebra of A if A = R(l) in f 3^P, R is connected, that is, 
k S i?(0), and if 

(1) -R(l) consists of all the primitive elements of i? and 

(2) as an algebra R is generated by -R(l). 

The Nichols algebra of X exists and is unique up to isomorphism. We 
denote the Nichols algebra of X by 03 (X). As an algebra and coalgebra, 
03 (X) only depends on the braided vector space (A, c). The structure 
of 23(A) is known if the braiding of A is related to a Cartan matrix of 
finite type in the following way. 

Let {dij)i<i t j<e) be a Cartan matrix of finite type. Then the collec- 
tion 

i<i<e, (Xi)i<i<e, ( a ij)i<i,j<e) 
is called a datum of finite Cartan type and the braiding of X is of finite 
Cartan type jl] if 

(1.1) qijqji = q a y , qu ^ 1, where q {j = Xj(Qi) fc> r all 1 < i, j < 0. 
The smash product *B(X)#k[T] is a Hopf algebra over the field k where 

(1.2) gxig' 1 = Xi(g)xu and 

(1.3) A(xj) = gi <g) Xi + xi ® 1, A(g) = g® g 

for all g G T, 1 < i < 9. Here and in the following we identify x G 03(A) 
with x#l, and for h G k[T] we identify h with l#h in the smash 
product. Thus we write 

xh = (x#l)(l#h) = x#h, and hx = (l#/i)(l#6) = (/i ( i) • 6)/i (2 ). 

Suppose that the braiding of A is of finite Cartan type with Cartan 
matrix (a^). For all 1 < i, j < n we write z ~ j if i and j are in the 
same connected component of the Dynkin diagram of (a^). We remark 
that ~ is an equivalence relation and the connected components of 
I — {1,2,..., 6'} are its equivalence classes, the set of which we denote 
by*. 

By Lemma 2.3] there are di G {1, 2, 3}, 1 < i < 8, and qj G k for 
all J G X, such that 

(1.4) qu = q 2 j d % diaij = djaji for all J G X , i, j G J. 
We define 

[0, lfz^J. 
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Then 

(1.6) qijqji = q'^q'^, q ti = q' u for all l<i,j <9. 

Thus in the terminology of II], the braiding of X is twist equivalent to 
the braiding of Drinfeld-Jimbo type given by (^)- 

The datum D and the braiding of X are called generic [3] if 

(1.7) qu is not a root of unity for all 1 < i < n. 

If P is a generic Cartan datum of finite type, then it is shown in j3] 
using results of Lusztig and Rosso that 

= k(xi, ...,x g \ (ad c (x i )) 1 - a ^ ( Xj ) = 0, 1 < i, j < 9, j), 

where ad c denotes the braided adjoint action. Hence if y = x^ ■ ■ ■ Xj a , 
and 1 < i,ji, . . . ,j s < 9, s > 1, then 

(ad c (xi))(y) =xy- q ih ■ ■ ■ q ijs yXi. 

In particular, if g is the semisimple Lie algebra with Cartan matrix 
(ajj), q G k is not a root of unity, and the braiding is given by (jl.5|) . 
where qj = q for all connected components J, then 23 (X) = £/~(g). 

Theorem 1.1. Let 

V = V(T, (g t ) i<i<e, (Xi)i<i<e, ( a ij)i<i,j<e) 

be a datum of finite Cartan type, and let X e \yT> be the object 
with basis Xi G X™,1 < i < 9. Then all finite- dimensional simple 
( B(X)#k[T}-modules are one- dimensional if 

(1) T> is generic, or 

(2) The group V is finite, for all 1 < i < 9, ord(g„) is odd, and 
ord(qu) is prime to 3 if i is in a component G2 of the Dynkin 
diagram of (a»j). 

PROOF: In Case (1) the theorem is a special case of Theorem 
5.6]. In Case (2), *B{X) is finite-dimensional by Theorem 1.1], 
Theorem 5.1]. Since 03 (X) is N-graded it follows that the augmentation 
ideal Q3(X)+ is nilpotent. Let U = 35(X)#fc[r]. Since 

U<B(X) + = T>(X) + U, and U/U¥>{X) + = k[T], 

the simple ^-modules are simple /c[r]-modules, hence one-dimensional. 

□ 

For the rest of this section we fix abelian groups A and T, integers 
n, m > 1, elements Zi, . . . , z n G A and gx, . . . , g m G T, and nontrivial 
characters rji, . . . , r) n G A and xi, ■ ■ ■ , Xm G Y. 
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Let W G \yV have basis m G W%, 1 < % < n and let V G $yD have 
basis dj G V g x /, 1 < j <m. Let £7 = Q5(W)#fc[A] and A = <B(V)#k\T]. 
Note that the restriction maps 

(1.8) Alg(»(W0#*[A], fc) - A, A]g(»(F)#fc[r], *) - f, 
are bijective since the characters 97^, Xj are all non-trivial. 

We denote the preimage of a character ip G A or T by t/>. Thus if 
■0 G T, then V ; ( a j) = 0, and if)(g) = i>{g) for all 1 < j < m, g G I\ 

The following results hold in this general context; we do not assume 
that the braidings are of finite Cartan type. 

The next theorem describes how to define Hopf algebras maps from 
U to A ocop , the cop- version of the Hopf dual of A. The proof is based 
on the universal properties of the Nichols algebra. 

Theorem 1.2. In addition to the above let (p : A — ► T be a group 
homomorphism, s : {1, . . . , n} — > {1, . . . , m} be a function, and let 
h, ■ ■ ■ , In £ h. Let I' = {1 < i < n | U 7^ 0}. Assume that for all % G I' 
and z G A 

(1-9) <p(z%) = X7(}) and7]i(z) = ip(z)(g s{i) ). 

Then there is a Hopf algebra map $ : U — > A ocop such that 

$(z) = (p(z) for all z G A, 
$(ui)(g) = for all 1 < i < n, g G T , 
$(«i)(aj) = 8 s (i),jh for all 1 < i < n, 1 < j < m. 

PROOF: This is shown in Corollary 9.1]. □ 

By [8] any Hopf algebra map $ : U — > A ocop determines a convolution 
invertible map r : U <g> A — > by 

(1.10) r(u,a) =$(u)(o), 
and a 2-cocycle cr : ([/ <g) A) <g> (£7 <g> A) -»• k by 

(1.11) cr(w (g) a, «' (g) a') = e(a)r(« / , a)£(a'), 
for all m, «' G £7 a, a' G A. Let 

if = (17® A) a . 

Recall that (U (g) A) " is a Hopf algebra with coincides with U <g) ^4 as 
a coalgebra with componentwise comultiplication and whose algebra 
structure is defined by 

(1.12) (u<g>a)(u'<g>a') = <r(fyi), ti \i))h (2) ti ^cr -1 ^), h\ 3 )) 

= ut(u' {1) , a ( i ) )u' (2) (g)a ( 2)r~ 1 (M / ( 3 ) , a (3) )a' 
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for all u, v! £ U, a, a' £ A, and h = u <g a,h' = u' ® a' . Note that 
r _1 (n,a) = r(S(u),a) for all u £ U, a £ A. We view [/ and A as 
subalgebras of if by the embeddings u \— > u <g 1 and anlga. Since 
(■u (g 1)(1 (g a) = m (g a we have ua = u® a under our identifications of 
U and A as subalgebras of £7 ® A. 

Our main concern are the irreducible finite-dimensional represen- 
tations of H. Let p £ A, x £ T be characters. We define the left 
iJ-module [7 X with underlying vector space U by 

(1.13) (u'a) - X U = MV(M(i ) ,a(i))M(2)X(a(2))^" 1 («(3), «(3)) 

for all u,u' <E U,a E A. Thus U x = H ® A k x , where k x is the one- 
dimensional A- module defined by \. 

Let I(p, x) be the largest if-sub module of U x which is contained in 
the kernel of p : U = »(W)#ife[A] -> fc. We define 

L{p, X ) = V x II{p,x). 
Then L(p,x) is a cyclic left i7-module with generator 

m PiX = residue class of 1. 

We also need another description of L(p, x) as a subspace of the dual 
A*. We define the right if -module A p with underlying vector space A 
by 

(1.14) a - p (ua') = r(«(i),a ( i))p(M(2))a (2) a'r" 1 (!j (3) , a (3) ) 

for all u £ Z7, a, a' £ A . Then the dual (A p )* is a left ii-module by 

(1.15) ((ua , )-pp)(a)=p(a-p(ua 1 )) 

for all u e U,a,a' e A and p £ A*. 
Note that by (ITTTBT) 

(1.16) u- pP = <$>{u {1) )p{u i2) )p<S>{S{u {3) )) for aU u £ £ A*. 
By |141 part c) of Proposition 2.6] there is a left ii-isomorphism 

(1.17) U x /I(p, x) = U- p x, with m PiX ^ x- 

For any algebra R we denote by Irr(i?) the set of isomorphism classes 
of all finite-dimensional left i?-modules. 

Theorem 1.3. In the situation of Theorem \l ."A assume that all finite- 
dimensional simple U- and A-modules are one-dimensional. Let a be 
the 2-cocycle determined by $ and H = (U (g A) a . 

(1) The map 

Lh ■ {(p, X) I P e A, x e f , dim(L(p, x)) < oo} -> Irr(#), 
<^i>en fry (p, x) l— *■ [-^(P)X)]; a bijection. 
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(2) Let p G A, x ^ T and let L be a finite- dimensional simple left 
H -module. Then L = L(p, x) if and only if there is a non-zero 
element m G L such that a ■ m = x(a)m, z ■ m = p(z)m for all 
a G A, z G A. 

PROOF: By (jl.8|) part (JTJ follows from Theorem 11.21 and [TH Theorem 
4.1]. 

To prove l{2*|). let m — m p x G L(p,x)- It follows from the definition 
of U x that a ■ 1 = x(a)l, hence 

(1.18) a ■ m = x(a)m for all a £ A. 

By (ll.lfi)) we have z - p x = &(z)p(z)x&(z ~ r )p(z) = p{z)x f° r an z E A, 
since Alg(A, A;) is commutative by (jl.8j) . Hence by (jl,17|) 

(1.19) z ■ m = p(z)m for all z G A. 

We have shown in [U Corollary 3. 5, a)] that L(p, x) has a unique one- 
dimensional A-submodule. Thus up to a non-zero scalar the element 
m G L(p,x) is uniquely determined by ()1.18|) . and the claim follows 
from (fTTHf . □ 

Let : .R — »• S 1 be any ring homomorphism. Then the restriction 
functor ip* : s-M. — > rM. maps a left S'-module M to itself thought of 
as an i?-module via pullback along (p. For any algebra R we denote 
by Itt(R) the set of isomorphism classes of all finite-dimensional left 
i?-modules. 

Theorem 1.4. In the situation of Theorem W . C A assume that all finite- 
dimensional simple U- and A-modules are one- dimensional and that 
the restriction of s to I' is injective. Let V C V and W C W be the 
Yetter-Drinfeld submodules with bases a s ^,i G and iti,i G Let 
U' = <B(W')#kA,A' = <B(V')#kT and H' = {U'^A'f' , where a' is the 
restriction of a to U' £g> A! . Then the projections ity/ : W — > W, ny '■ 
V — > V define a surjective bialgebra map F : H — > H' determined by 
F\W = iiw, F\V = 7Ty, F|T = idr, and F\A = idA- The restriction 
functor F* defines a bijection 

(1.20) F* : hr(H') -> lvx(H), 
and the diagram 

A x f In(H') 

p* 

lrr(H) 
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commutes. 

PROOF: The first part follows by [Till Corollary 9.2]. The diagram 
commutes by |TU Proposition 2.7] with U' = U, A' = A, f = F\U, and 
g = F\A. Hence F* is bijective by Theorem 11.31 for H and H' . □ 

Remark 1.5. The restriction s\I' of the previous theorem is injective 
when the braiding matrix (g^ = rjj(Zi)) of W satisfies the following 
condition 

where ( Cartan matrix of finite type and for all % the order of 

qu is greater than 3. □ 

The remark is easily justified. By ()1.9|) we have 

Qij = Vj(zi) = ¥{zi)(g s{j) ) = X7i)(9s(j)) 

for all % G V and 1< j <8. 

Assume s(j) = s(l), where j, I G I'. Then = qu and qji = qu for 
all i G Thus q^ 3 = q^q^ = q a q u = q^ . Since - a u \ < 3 and 
the order of qu is larger than 3 we have = an for all i G V . Since 
(a rs )r )S ei' is invertible necessarily j = I. 

The results of Section 9 of ^H] are given in terms of the bilinear 
form j3 : W ® V — > k defined by (3{ui ® aj) = kS s (iy for all 1 < i < n 
and 1 < j < m. In the preceding theorem, this form for W (g) V is 
f3' = f3\(W <S) V) and is non-degenerate. Most applications for us will 
be in the context of Theorem 11.21 and the map s will be injective by 
virtue of Remark 11.51 In light of Theorem 11.41 to study the L(p,x)'s 
we may assume that /3 is non-degenerate. 

2. The Modules L(p,x) in the Non-degenerate Case 

We continue with the notation following Theorem 11.11 and in the 
context of Theorem ll.21 imposing further restrictions on the hypothesis. 
We assume that (3 is non-degenerate, in particular that the map s is 
bijective. Without restriction we assume that s = id. 

Let cp : A — > T be a group homomorphism, and l±, . . . , l n ^ 0. By 
rescaling the generators we could further assume that h = 1 for all 
1 < i < n; however this might not be convenient for computations. 

As a result od our assumptions 

(2.1) (pfa) = xi 1 and r)i(z) = <p( z )(9i) for all 1 < % < n, z G A, 
and the Hopf algebra map $ : U — > A ocop is given by 

(2.2) $(z) = ip(z), $(ui) = 5i for all z G A, 1 < % < n, 
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where Si : A — > k is the (e, x7 )-derivation determined by 

(2.3) 5i(g) = 0, 5i(a,j) = S^U for all g G T, 1 < z, j < n. 

Remark 2.1. The Hopf algebra map y4 oco P is injective since 

it is injective on the primitive elements P(%${W)) = W by our assump- 
tion that li ^ for all i (see [To! Lemma 11.01]). □ 

Let H = (U <8> A) CT , where a is the 2-cocycle defined by r with 
t(m, a) = $(w)(a) for all it G [/, a G A. We write ua instead of u®a G H 
for all m G U, a G A. 

Let p G A and x G T. We recall that L(p, x) = U x /I(p, X) is a cyclic 
left i?-module and left [/-module with generator 

m = m p x = residue class of 1. 

We denote the if-action on the quotient L(p, x) by • and we write 
um = u ■ m for all u G U . Recall that u - x u' = uu' for all u,u' G U by 
(|1.13|) . Therefore for all u G U, um is the residue class of u in L(p, x) 
and the if-action on um is given for all u! & U and a G A by 

(2.4) u ■ um = u'um, a ■ um = (a - x u)m. 

The latter holds since a - x (u - x 1) = a - x u = (a - x u) - x 1. 
We denote the braiding matrix of W by (%■), where 

(2.5) = ?7j(zj) for all 1 < i, j < n. 

Proposition 2.2. Let p G A and x G T. T/ien L(p, x) is the k-span of 
all 

Ui x ■ ■ ■ Ui t m, where 1 < ii, . . . , if < n and t > 0. 

The H-action on these elements is given for all z G A, g G T, and 
1 < j < n by 

a) z ■ u h ■ ■ ■ u it m = (r) h ■ ■ ■ r) it p) (z)u h ■ ■ ■ u it m, 

b) g-u h --- u it m = (x^ 1 ■ ■ ■ Xi^xXtfHi ■ ■ ■ u it m, 

c) uj ■ Ui x - ■ -Ui t m = UjUi x ■ ■ ■ Ui t m, 

d) a,j ■ Ui 1 ■ ■ ■ u it m = J2i=i a i(j> h,---, itjui! • ' ' Ui t ^u il+1 ■ ■ ■ u it m, 
with ai(j, h,...,i t ) = 6^ Ul'Ji lirj (1 - Ul=i+i 1i s jQji 3 p(zj)x(9j)) ■ 

PROOF: We have seen in the proof of Theorem II .21 that 

z ■ m = p(z)m. 

Since zui = r\i{z)UiZ for all 1 < i < n, part a) follows by the first equa- 
tion of ()2.4jl . Note that part a) implies that the elements u^ ■ ■ -u^m 
span L(p,x)- 
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Let u = u ix - ■ -u it . Note that by (jl.3j) 



(2.6) 



A 2 (u) = U(i) <g> U{2) <8> U(3) 

= (z h (g) z h <g) u h + z ix ® u ix ® 1 + u h <g) 1 (8 1) • • • 

• • • (z it <g> Z it (g Mj t + Z it ®Ui t ®l + U k ®l® 1). 



By flUD g-um=(g- x u)m, and by (ITTT3J) and (j2~B]) 



c/ - x w = $(«(i))(ff)u(2)X(s)$(«(8))(j X ) 
= f(z il ---z it )(g)u il ---u it x(g), 



since <3>(-U(i))(g) = resp. $(w( 3 ))(g x ) = if the term U(i) resp. M( 3 ) 
contains a factor This proves part b) since 



Part c) is trivial, and to prove part d) we compute aj - x u. Since 
A 2 (aj) = gj <g> gj (g> aj + g>j (8) <g 1 + aj <8 1 <8 1, and x( a j) = it follows 
from (fTTTHJ) that 

(2.7) - x u = $(w ( i))(^>( 2 )x(^)$(M(3))(-a i 57 1 ) + $(«(i) )(a i )w (2) 

as S'~ 1 (aj) = —djgj 1 . 

To compute the first term in ()2.7|) we first note that 

(2.8) $(u(i))(<7j)u(2) = ?<ii • • • 

For by part a) of Theorem 11.21 we have Q(ii(i))(gj) = if U(\) contains 
at least one factor Ui, hence $(u(i))(gj)u(2) = ^(z^ ■ ■ -z it )(gj)u. Next 
we see that 



z it ){g) = (Xi, 1 ■■■x it 1 )(g) 



by flUJ). 



(2.9) u il ^(u (2) )(a 3 g; 1 ) = Y, 



^ii ' ' ' Hi 



H~\ Z H a ii+i 



■■■u it ^{u il )(a j g j ) 



i=i 



since $(w( 2 ))(oj<7j ) = 0, if tt( 2 ) contains no or at least two factors Ui 
Using JOJ), Q) and fl23J) we obtain from (Q 



(2.10) 



U( 1) $(u ( 2 ) )(a j g j x ) 




'hjhljj Qhh+i ' ' ' Q.iih U h ' ' ' U ii-i U ii+i ' ' ' u i t Z iv 



1=1 
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We now use (|2.1()jl in A applied to (|2.8j) and obtain for the first term 
in d£7D 

(2.11) $(w (1) )( ft > (2) x(^) $ («(3))(-%^7 1 ) = 

t 

~ c lhj ' ' 'QujXidj) 2_j ^Hj^jljj Inn+i ' ' ' Qiiu u ii ' ' ' u n-i u ii+i ' ' ' u it z k- 
1=1 

Similarly we compute the second term in (|2.7j) 

t 

(2.12) <$>(u (1) )(aj)u (2) = ^2^1^ ■ ■ • ftn^j, • ••u k _ l u k+1 ■ ■ -u k . 

i=i 

Finally flUj), pTT^l and ([2~T2jl prove part d) in view of and part 
a). □ 

The presentation of L(p, \) in f|l-17j) as the subspace U - p % of A* 
is helpful to actually calculate the elements of L(p, x) as linear func- 
tions on A. The next proposition in principle describes an inductive 
procedure to calculate L(p, x). 

Proposition 2.3. Let p G A and % G T, and 1 < i,ii,...,i t < n, 
where t > 1. Define u = ■ ■ -Ui t . Then 

a) ^ > X = (1 - p(^)x(fl'i))$(Mi)x- 

b) ui - p ($(u)x) = $( - nt=i ^^(^Ox^i)^] )X- 

c) > X 7 = Yt=o i 1 ~ Q l uP( z i)x(9i)) HuDx- 

Proof: Since A 2 («i) = Zi®Zi®iti + Zi®Ui®l + Ui®l®l, and 
p(ui) = 0, S(ui) = —z~[ x Ui it follows from (jl.lfijl that for any p E A* 

(2.13) «i >p = ^(^p^p^-^V) + $(ui)p. 
In particular 

(2.14) ^ - p {${u)x) = ${ui)${u)x - p(^)$( 2 ;,)$(M)x$(2;r 1 ) $ (^) 
since, as Alg(v4, k) is abelian, 

= $(^)^H$k rl )x 

= <§>(ziuzl l )x 

= Qih ■■■quM u )X- 

Since x$(ui)x _1 and are both (e, x~ ^-derivations taking 

the same values on the generators cij , 1 < j < n, and g G T of A we see 
that 

(2.15) xHuAx^ = X(9i)® («i). 
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Part b) now follows from (|2.14j) and (J2.15j) . and part a) is the special 
case of part b) with t = 0. 

Part c) then follows by induction on t. The case t = 1 is part a), and 
the induction step is 

-pX = Ui - p {u\ - p x) 

t-i 

1=0 

t 

1=0 

since by part b) m - p ($(«•)%) = (1 - ^p(^)x(^)) $ ( M * +1 )x- □ 

In the next Corollary we formulate a necessary condition for the 
finiteness of the dimension of L(p,x)- We call a pair of characters 
(p, x) A x T dominant if there are natural numbers > 0, 1 < i < n, 
such that 

(2.16) C< p{zi)x{9i) = 1 for all 1 < i < n. 

Corollary 2.4. Let p G A and x G T and assume that the braiding of 
W is generic. If L(p, x) is finite- dimensional, then the pair (p, x) is 
dominant. 

PROOF: Let 1 < % < n. The elements w*m, t > 0, of L(p, x) are linearly 
dependent. By part a) of Proposition 12.21 the group A acts on u\m via 
the character rj\p. Since qa is a root of unity, rjjp ^ rjj p for all t ^ t', 
there is an integer rrii > such that u\m = for all t > rrii, and 
u\m ^ for all < t < rrii. It is well-known that u\ ^ for all t > 
since qa is not a root of unity (see for example 3, Example 2.9]). Since 
$ is injective by Remark 12.11 it follows that $(«') 7^ for all t > 0, 
and thus q™ i n(z i )x(fi , i) = 1 by part c) of Proposition 12. 31 and ()1.17|) . □ 

As an example we consider the easiest case where U and A are quan- 
tum linear spaces, that is ()2.17j) holds. 

Corollary 2.5. Let p G A and x G T and assume that the braiding of 
W is generic and satisfies 

(2.17) QijQji = 1 f or a M 1 < 2, j < n, 2 7^ j. 
Then for all ti, . . . , t n > 0, 

n ti — l 

« • • • <-) .„ x = n n t 1 - ^p( z M9i))^ K 1 • • • <-)x- 

i=l l i= Q 
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Proof: It follows from (J2~T7|1 that 

(2.18) UiUj = qijUjUi for all 1 < i, j < n, i ^ j, 

since the skew-commutator u{iij — q^UjUi is primitive in 
We prove by induction on 1 < j < n that 

n ti — l 

(uj . ■ •„ x = n ri( i - quPiziMgmiu? ■ ■ 

for all tj, . . . , t n > 0. 

The case j = n is part c) of Proposition ^. 31 Assume the formula for 
j + 1 < n. Then we prove the claim for j by induction on tj. If tj = 0, 
then the formula is true by assumption, and for all tj > we see by 
induction on tj that 

■■■< n )-pX = Uj - p (iu) ■ ■ ■ vfr) - p x) 

n ti — l 

(2.19) = n na - «sp(^)xo»))«i -p • • -< n )x)- 

i=3 k=0 

By part b) of Proposition 12.31 
Uj-p (®{ui • ••<")%) 
= ($(^ +1 •••<")- • • • g>(^M^)$(^ • • • u^Uj)) x 

= (l - ^p(^)xfe)) $(^ J+1 • • -<")x, 

since u? ■ ■ -vfcuj = qf+lj ■ ■ ■ q%ui + ■■■u% by (|2.18|) . and all the qji 
and qij except for / = j cancel by (J2.17j) . Hence the claim follows from 

Corollary 2.6. Let p G A and x £ T and assume that the braiding of 
W is generic and satisfies (|2.17|) . Then L(p,x) is finite- dimensional 
if and only if the pair (p, x) is dominant. In this case, the elements 
u-l ■ ■ ■ u^m, < U < m-i for all 1 < i < n, form a basis of L(p, x)- 

PROOF: It is well-known that by (jl.7j) and (|2.17|) 23 (W) is generated 
by u\, . . . , u n with defining relations 

UiUj — q^UjUi = for all 1 < i, j < n, i ^ j, 

and has PBW-basis ■ ■ ■ u^,ti, . . . , t n > (see for example [f. The- 
orem 4.2]). 

If L(p, x) is finite-dimensional, then (p, x) is dominant by Corollary 
12.41 Conversely, assume that (p, x) is dominant. Since <3> is injective by 
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Remark 12.11 and the elements u 1 ^ ■ ■ ■ u*™, < U < rrii for all 1 < i < n, 
of the PBW-basis are linearly independent it follows from Corollary 
12.51 that the elements m' 1 • • -u^m, < tj < m ; for all 1 < i < n, are 
linearly independent, hence a basis of L(p,x) since u' 1 ■ ■ -u^ = if 
ti > rrii for one i. □ 

We now extend the fmiteness criterion for quantum linear spaces in 
Corollary 12.61 to braidings of finite Cartan type. 

Theorem 2.7. Assume that the braiding ofW is generic and of finite 
Cartan type, let e±, . . . , e n > 1 be natural numbers. Then 

®(W)/( ®(WK) 

l<i<n 

is finite- dimensional. 

PROOF: As explained in Section ^ there are di G {1,2,3}, 1 < % < n, 
and qj G k, J G X , such that 

Qii Qj j di&ij djQjji 

for all J <=X,i,j G J. We define (g^) by (IT31) . 

Let Z[i"] be the free abelian group of rank n with basis ati, . . . , a n . 
Define characters ip,ip' G Z[7] by 

(2.20) ^i(ai) = qij,i>j(oti) = q'ij for all 1 < i, j < n. 

Let X, X' G ^[jjj^P be Yetter-Drinfeld modules with bases Xj G X^. 

and x[ G 1 < i < n. 
Then 

(2.21) r8(W)^<B(X),Ui^Xi,l<i<n, 

defines an isomorphism of algebras and coalgebras since the braiding 
matrices of W and X coincide. Hence it suffices to prove the theorem 
for X instead of W. 

By (11.6)1 and jH Proposition 2] there is a 2-cocycle 

a : Z[I] x Z[7] -> fc* 

of the group Z[i] and a fc-linear isomorphism 

(2.22) ^ : <B(X) -> <B(X') with (xj) = sj, 1 < i < n 

such that for all a,j3 G Z[7] and x G <B(X) a ,y G f B{X) /3 , 

(2.23) *(a^/) = «T(a, / 9)*(a;)*(y). 
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Let X = {Ii, . . . , I t } be the set of connected components of {1,2,..., n}. 
For all 1 < s < t we let X s = ©j g / s /cxj. Then the natural map 

® • • • ® »(X t ) -> 8p0 

given by multiplication is an isomorphism by |IJ Lemma 1.4]. Since 
for all 1 < i,j < n, i **> j, it induces a surjective linear 

map from 

©(xoax; ® • • • ® w) 

to 

<B(X)/( £ S(I)xf). 

l<j<n 

Thus we have reduced the claim to the connected case. 

If the Dynkin diagram of (o^-) is connected, let q = qi- Then by 
results of Lusztig Section 37] and Rosso [T^l Theorem 15] 

<S(X') = . . . , < | (ad^)) 1 -" (arj.) = 0, • ^ j) 

is isomorphic to U~(g>), where g is the semisimple Lie algebra with 
Cartan matrix (<%). The elements x\ correspond to the Fj. Hence by 
P Proposition 6.3.4] or [TTJ Proposition 5.9] 

»(*')/( £ 

l<i<n 

is finite-dimensional. By (|2.22|) and (|2.23|) . ^ induces an isomorphism 
of vector spaces 

<B(x)/( £ = »(*')/( 

l<i<n l<i<n 

and the theorem is proved. □ 

We can now prove the main result of this section. 

Theorem 2.8. Assume that the braiding ofW is generic and of finite 
Cartan type. Then the map 

{(p, X) G A x T | (p, x) dominant} — > Itt((U ® A) a ), 

given by (p,x) >-> [£(p,x)], w bijective. 

PROOF: Let (p,x) £ A x T be a dominant pair. By Theorem 11.11 
Theorem 11.31 and Proposition 12.41 it suffices to show that L(p, x) is 
finite-dimensional . 
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By definition q^ 4 p(zi)x(9i) = 1 for all 1 < i < n, where m 8 > 
are natural numbers. Then it follows from Proposition 12.31 c) that 
u mi+ ^ f or all 1 < i < n. The natural map 

f8{W)cU^L{p,x) = U/I(p, X ) 

is surjective, since z ■ m = p(z)m for all z G A by Proposition 12.21 a). 
Thus we have a surjective linear map 

<B(W)/(J2 «(W>r +1 ) - L(p jX ), 

l<i<n 

and L(p,x) is finite-dimensional by Theorem 12.71 □ 

3. Application to pointed Hopf algebras given by a 
datum of finite cartan type and linking parameters 

Let V = X>(r, (gi)i<i<e, {Xi)i<i<e, {<kj)i<ij<e) be a datum of finite 
Cartan type and suppose that A is a family of linking parameters for 
T> in the sense of j2]. We apply the theory developed in Sections 
and |2 to the infinite-dimensional Hopf algebra U(T>, A) in general and 
to the finite-dimensional version u(T>, A) under some restrictions. See 
definitions 13.41 and 13.181 

Each is a quotient of an H = (U ® A) u where the 2-cocycle a is de- 
termined by the linking parameters. The finite-dimensional irreducible 
left modules for U(T>,\) are parameterized by a subset of T and the 
irreducible modules for u(V, A) by T; these irreducible modules arise 
from L(p, x)'s defined for H where x determines p. 

3.1. The Linking Graph. Let 

V = V(T, ( 9i ) l<i<6, \Xi)l<i<9i \°>ij)l<i,j<e) 

be a of finite Cartan type. Note that by (jl.ljl 

(3.1) (% 3 = q£ for all 1 < i,j < 6. 

Let 1 < i, j < 9. Then i ~ j, that is, i and j lie in the same connected 
component of the Dynkin diagram of (a^) if and only if i = j or there 
are indices 1 < i%, . . . ,ik < 0,ii ^ ii+i for all 1 < I < k, such that 
a nii +1 7^ f° r all 1 < / < /c. In this case we write 

(3.2) a(i,j) = ai^cii^ ■ ■ ■ cii k _ 1 i k ,b( y i, j) = <3j 2 «i a *3*2 ' ' ' a »fc«fe-i5 
and by (|3.1|) we have 

(3.3) gf > i} = 

Note that a(i,j) and b(i,j) depend on the choice of the sequence 
h, ■■■,ik- 
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A family A = (\j)i<i,j<o,i</>j of elements in k is called a family of 
linking parameters for T> if the following conditions are satisfied for all 

1 < i,j < ir ft 3- 

(3.4) If g^j = 1 or XiXj £ th en Ay = 0; 

(3.5) Xji = —qjiXij. 

This definition is a formal extension of Section 5.1] where Ay was 
only defined for i < j and % ^ j. Note that by ()3.5|) 

Ay = —Qji Xji = —q^jXji 

since ?y<yi = 1 for all i ^ j. Note that ()3.4j) and ()3.5j) are met when 
Ay = for all We let denote this family of linking parameters. 

Vertices 1 < i,j < 9 are called linkable if i <~fj j 7 g i gj ^ 1 and 
XiXj — e - Then (see j2 Section 5.1]) 

(3.6) qa = g" 1 if i,j are linkable. 
The next lemma is [21 Lemma 5.6]. 

Lemma 3.1. Let V = V(T, (^)i<i< e , (Xi)i<i<e, ( a ij)i<i,j<e) be a datum 
of finite Cartan type, and assume that ord(q t ) > 3 for all 1 < t < 9 . 

(1) If vertices i,k and j,l are linkable, then ay = a^. 

(2) A vertex i cannot be linkable to two different vertices j, k. 

We say that linkable vertices 1 < i, j < 9 are linked if Ay ^ 0. 

Let A be a family of linking parameters for a datum of Cartan type 
V = V(T, {gi)i<i<8, {Xi)i<i<e, (ay)i<i,j<e)- We define the linking graph 
of (T>, A) as follows: The set of its vertices is X, the set of all connected 
components of / = {1, . . . ,n}. There is an edge between J 1; J 2 G X 
if and only there are elements % E Ji,j 6 J2 such that are linked. 
Recall that a graph is called bipartite if the set of its vertices is the 
disjoint union of subsets X + ,X~ such that there is no edge between 
vertices in X + or in X~ . 

Lemma 3.2. Let V = V(T, (gi)i<i<e, (Xi)i<i<e, { a ij)i<i,j<e) be a datum 
of Cartan type, and X a family of linking parameters for T>. Assume 
one of the following conditions: 

(1) The Cartan matrix (ay) is simply laced, that is ay G {0,-1} 
for all 1 < i, j < 9,i 7^ j, and ord(qu) is odd for all 1 < % < 9 . 

(2) For all 1 < i < 9 , qa is not a root of unity. 
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Then the linking graph of (V, A) is bipartite. 

Proof: A graph is bipartite if and only if it contains no cycle of odd 
length [7J Proposition 0.6.1]. Assume the linking graph has a cycle 
of odd length n. Then there are connected components Ji,...,J„, 
and %i G Ji, 1 < I < n, and ji G Ji, 2 < I < n + 1, J n+1 = J\ with 
Ajjjj 7^ for all 1 < I < n. Let i n+ i = i\. For simplicity we write 
qi = qa for all i. Since ii and ji are in the same connected component 
for all 2 < I < n + 1, by (JUSD gj = %\ for all 2 < / < n + 1, where 
ai = a(ii,ji) and bi = b(i h ji) are chosen as in (jH^)- By (pTo^) . g i; = 
for all 1 < Z < n. Hence qf l = qj hl for all 2 < Z < n + 1, and 

a n+ i---a 2 _ (-l) n 6„ + i---b2 

Since = i\, and n is odd, the order of q^ must divide 

dn+l •••02 + • • • b%. 

This is impossible in both cases (1) and (2). □ 

However, in general the linking graph of (V, A) is not necessarily 
bipartite. 

Example 3.3. One can link an odd number of copies of B 2 in a cir- 
cle, where the group T is Z 2n or (Z/(iV)) 2ri such that iV is an integer 
dividing 1 + 2™, and where gi, . . . , g 2n are the canonical basis elements 
of r. □ 

3.2. The Infinite-dimensional Case. In this section we fix a generic 
Cartan datum of finite type V = V(T, (gi)i<i<e, (Xi)i<i<e, i a ij)i<i,j<e), 
and a family A = (Kj)i<i,j<e,i^j of linking parameters for V. We define 
% = Xi(5 , i)for all 1 < i,j < 9. 

Let X G f yV be the vector space with basis Xi G X* 4 , 1 < i < 6. The 
tensor algebra T(X) is an algebra in ^yT>. Thus the smash product 
T(X)#h[T] is a biproduct and thus has a Hopf algebra structure. We 
identify T(X) with the free algebra k(x\, . . . , xq). 

Definition 3.4. Let U (T>, A) be the quotient Hopf algebra of the smash 
product k{xi, . . . , xg)#k\T] modulo the ideal generated by 

(3.7) ad^Xi) 1 "^^), for all 1 < i,j < 6,i ~ j,i ^ j, 

(3.8) XiXj — qtjXjXi — — g%gj\ for all 1 < i < j < 9, i ^ j. 

Here, the A;- linear endomorphism ad c (a;i) of the free algebra is given for 
all y by the braided commutator &d c (xi)(y) = Xiy — (^ • y)xi. 
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We denote the images of x« and g G V in U (V, A) again by Xi and g. 
Note that in U(V, A) 

XiXj - qijXjXi = Ay(l - gigj), for all 1 < i,j < 9, i </> j 

by (JS3J). 

The elements in ()3.7|) and ()3.8|) are skew-primitive. Hence A) 
is a Hopf algebra with 

A(xj) = #j ® a^j + Xi ® 1, 1 < i < 9. 

Then U(V,0) is the biproduct Q5(X)#fc[r]. 

In the next Lemma we write down the relations ()3.7|) explicitly, and 
we give an equivalent formulation replacing the elements Xi by Xig~ . 
The elements Xi correspond to the usual and the elements xig^ x to 
the Fi in U q (g), q a semisimple Lie algebra. We recall the box notation 
for g-integers (see [HJ 1.3], [TTJ Chapter 0]). Let v be an indeterminate. 
For all integers n > let 



n 



v — v 



-l ' 



[0] ! = 1, and [n] 1 = [1][2] • • • [n] if n > 1. For all < i < n define 



n 



n 



\iv\n - i 



If 7^ q G A;, then [n] 9 and 



are the specializations at v i— > g. 



Lemma 3.5. Let J G A 1 5e a connected component of {1,2, ... ,9} , 
and define Fi = Xig^ 1 for all i G J. Choose qj E k such that ()1.4j) 
satisfied. Then the following equalities hold in the smash product 
k(xi, . . . , xg)#k\T] for all i,j&J and any natural number a: 



(3.9) 
(3.10) 



(ad c x i ) a (x,)=Y,(-<l d / a ' 1) ^r 



s=0 



(ad c x l ) a (x J )=^(-gJ (a - 1) ^ 



s=0 



1j 



pasp.ps 



PROOF: We extend ad c Xj to a map on the smash product by 

where L x . and _R Xi denote left and right multiplication with Xi, and <7j 
is the inner automorphism defined for all y G k{x\, . . . ,xg)#k\T] by 
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<7i(y) = 9iV9i 1 - Since (R Xt ai)L Xx = q 2 j di L Xi (R Xi ai), we can compute 
(L Xi — R x .ai) a by the g-binomial formula 1.3.5], and (|3.9j) follows 

from the equality (R Xi <Ji) n = R x va^q d j n ^ n l ' for all natural numbers 
n. Then fl3.1()j) follows from ()3.9j) by a somewhat tedious computation 
where we write multiple of F°-~ s FjF*. □ 

Suppose that A ^ 0. In ^ a glueing process was used to build U(V, A) 
inductively by adding one connected component at a time and thus to 
obtain a basis of the algebra. The methods of the present paper to 
parameterize the finite-dimensional irreducible modules do not apply 
to this description of U(T>, A). 

Since by Lemma f3. 21 the linking graph of (T>, A) is bipartite, we can 
give another description of U (T>, A) by one glueing only and show that 
the algebra is a quotient of (U <8> A) u where some central group-likes 
are identified with 1 and U and A are biproducts. As a consequence 
Theorem 12.81 applies. 

In the inductive construction of |1] each stage yields a quotient of 
the form just described; however, U is not a biproduct and the finite- 
dimensional irreducible [/-modules are not necessarily one-dimensional. 

We now give our construction of U(T>, A). By Lemma f3. II there are 
non-empty disjoint subsets X", X + C X with X = X~UX + , an integer 
n > 1 and an injective map t : {1, . . . , 2n} — > {1, . . . , 8}, such that 

t(i) G I' := [J J, t(n + i) G I + := (J J, 

for all 1 < i < n, and such that (t(i),t(n + i)) and (t(n + i),t(i)), where 
1 < i < n are all the linked pairs of elements in {1, . . . , 6}. 

Let A be the free abelian group with basis Zi,i G For all j G I~ 
let rjj G A be defined by r)j(zi) = Xj(9i) f° r an * e I ■ 

Let G with basis u t G W™, % G J - , and V G f^D with basis 
% G V^,j G /+. We define 

£/ = %>(W)#k[A] and A = <B(V)#h[r}. 

Theorem 3.6. Assume the situation above. Then for all i G I~ there 
is a unique algebra map 

(3.11) 7i : A -> fc uratfc 7^) = 0,7,(0) = Xi(sO 
/or a// j G J + and a G T, and a unique (e,^) -derivation 

(3.12) <5j : A — > k with S^aj) = 5i(g) = 

for all j G I + and g G T. Moreover there is a Hopf algebra map $ : 
U — > A ocop determined by 

(3.13) =7i, $K) =5i 
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for all i G I~. 

Let a be the 2-cocycle corresponding to $ (see Section 1). The group- 
like elements Zi ® g~[ ,i G I~, are central in (U (g) A) a , and there is an 
isomorphism of Hopf algebras 



(3.14) m : U(V, A) ^ (U ® Ay/( Zi ®g^-l®l\ier) 



mapping x% with i G / , Xj with j G J + , respectively g G T onto i/je 
residue classes of ui® 1,1® aj, respectively 1 ® g. 

Proof: It can be checked directly as in [21 Lemma 5.19] that the maps 
7i, 5i and $ are well-defined by working with the defining relations. 

To see that $ is well-defined without checking the relations we al- 
ternatively can apply Theorem 11.21 We define (p : A — > T, (/j)j g /-, and 
s : I — > I + for all i G I by 



where jo is an y element in J + . 

Hence h$s(i),j — for all i G /~, j G J + . We have to check the 
conditions in (Jl.iJj) . Let i 6 with Zj 7^ 0, that is i = t(k) for some 1 < 
k < n. Then (p(z t (k)) = Xt{k) = Xtfa+k) since t{fy an< ^ t( n + k) are linked. 
This proves the first part of f)1.9|) since i = t(k) and s(i) = t(n + k). 
The second part of (jl.9j) says that 77i(%) = ^{zj){g s {i)) = Xj(.9s(i)) for 
all j G 7~. Since j and are in different connected components, 
it follows from the Cartan condition that Xj(.9s(i)) = Xs{i){.9j)~ l ■ Since 
i and s(i) are linked, Xi = X~(i)- Hence Xj(9s(i)) = Xi(9j) = Vi( z j) by 
definition of r^. 

The remaining claims of the theorem follow by direct calculations as 
in (21 Theorem 5.17, end of the proof]. □ 

We continue with the situation of Theorem 13.61 Let p G A, x G T. 
By |14[ Lemma 4.3] the left (U ® A)°"-module L(p, x) is annihilated by 
all Zi ® g^ 1 — 1 ® 1, % G J~, if and only if 




■t(n+k),t(k) if « = t(k) for some 1 < k < n, 
otherwise, 




(3.15) p(zi) = x(9i) for all % G I . 

Thus for any x G T define p G A by (J3.15|) . and define 

L( X ) = L(p, X ) 
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as a left module over U(T>, A) using the isomorphism 

: U(V, A) ^ (U ® A)7(^ ® - 1 ® 1 1 i g I - ). 

We call a character x £ T dominant (for D, A and J + ) if for all pairs 
of linked elements 1 < i,j < 9, where i G G I + , there are 
integers > such that 

(3.16) CxGwfc) = 1- 

Note that this definition depends on the choice of the sets I~ and I + , 
since qu = qjj for linked pairs (i,j)- 

Theorem 3.7. Let V be a generic datum of finite Cartan type, and A 
a family of linking parameters for T>. 

(1) The map 

{x £ T | x dominant } — ► Irr(£7(.D, A)), 

groen by x ^ L(x), is bijective. 

(2) Let L be a finite-dimensional simple left U(T>, A) -module, and 
X G T. T/ien L = L(x) if and only if there is a nonzero element 
m G L such that Xj ■ m = 0, for all j G I + , and g ■ m — x(<?) m 
for all g G T. 

Proof: For all 1 < i < n we define 

z 'i = z t(i),Vi = Vmiu'i = g[ = g t ( n +i), Xi = Xt(n+i),a'i = a>t{n+i)- 
Let W = ®i<i< n ku'i e \yV, V = ©i<i<»A;oJ G $yD, and 

U' = <8(W')#k[A], A' = *B(V')#k[r}. 
We have checked in the proof of Theorem 13.61 that 

fWi) = (Xi)' 1 and Vii z ) = ¥>(z)(flO for all 1 < i < n, z G A. 

Thus we are in the non-degenerate situation of Section |2] described in 
(|2.1|) . Let a 1 be the corresponding 2-cocycle. Then by Theorem 12.81 the 
map 

{(p, x) e A x f I (p, x) dominant} -> Irr(([/' ® 

given by (p, x) 1— > [L#'(p, x)], is bijective, where if' = (U'#A') a . 

Note that 77^) = r]t(i)( z t(i)) = Xt{i)(gt{i)) = Qt{i),t(i)- Hence a pair 
(p, x) is dominant if 

(3.17) (vK^r'pizMg'i) = Qm, m p(Mi))x(9t(n +i) ) = 1 

for all 1 < z < n, where the m ; are integers > 0. 
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Then it follows from Theorem 11.41 that also 

{(p, X) G A x f | (p, x) dominant} -> Itt((U <g> 

given by (p, x) i-> [£(p,x)L is bijective. 

From Lemma 4.3] and the discussion above we finally obtain 
that the map 

{x G T | x dominant } — > Irr(C/(D, A)), 

given by A i— ► L(A), is bijective, where x £ T dominant means that the 
pair (p, x) with p(^) = x(9i)^ £ is dominant. By ()3.17|) this latter 
condition says that q^ tt( i)X{9t(i)9t(n+i)) = 1, tnat is, x is dominant 
in the sense of our definition. This proves (0), and (J2J) follows from 
Theorem O©- □ 

For all 1 < % < 2n let g[ = g t(i) , x'i = Xt(i),a'ij = a t(i),t(j)- Then 

l<i<2n, (Xi)l<i<2n, ( a ij)l<i<2n) 

is a Cartan datum of finite type. Note that for all 1 < i, j < n 

(3.18) a'^ = a' n+ijn+j , and a[ n+j = = a' n+iJ for all l<i,j<n, 

by Lemma 13.11 (JTJ), and since oo t(n + j),t(j) oo t(n + i). Let 
J' = {1,2,..., 2n}. If i, j E I', then no t(j) in J implies that % oo j 
in I', but in general the converse is not true. We define a family of 
linking parameters A' for T>' by 

\(i),t(j) if t(i) *> t(j) in J, 
otherwise 



for all 1 < i, j < 2n, % oo j in J'. 

There is a surjective Hopf algebra map 

7T : [/(£>, A) -> U(V',X'), 

given by 

Xj, if = t(i), 1 < i < 2n, 
0, otherwise 



1l(x k ) 



and Tt{(j) = g for all g e T. Note that 7r preserves the linking relations 
of U(D, A), since A M = for all k, I with k £(/') or / ^ an d tt 

preserves the Serre relations by (J3.18|) . and since for all i,j G I' with 
t(i) ~ t(j) in / and i oo j in /' the relation ad c (a;j)(xj) = follows from 
the linking relations in U(T>', A'). 

Corollary 3.8. The Hopf algebra map it : U (V, A) — > U (V, A') induces 
a bijection 

7T* : Itt{U{V, A')) -> Irr([/(X?, A)). 
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PROOF: The isomorphism of Theorem 13.61 defines an isomorphism 

: U(V, A') -=» (W ® A')7(*i ® - 1 ® 1 I * e J ~), 
and the claim follows from the proof of Theorem 13.71 □ 

Example 3.9. Suppose that T> is a datum of finite Cartan type such 
that the Dynkin diagram of the Cartan matrix of T> is the disjoint union 
of an even number of components of type A ni , ni > 2. Suppose that A is 
a family of linking parameters such that the connected components are 
linked in a circle, the end of one A n{ being linked to the beginning of the 
next A ni . Then the Dynkin diagram of T>' in Corollary 13. 81 is a union 
of components of type A 1} and by Theorem 13.71 and Corollary 12.61 we 
have an explicit description of the finite-dimensional simple U(T>, A)- 
modules. □ 

3.3. Reduced data of Cartan type. By Corollary 13. 81 the computa- 
tion of the finite-dimensional simple U(T>, A)-modules can be reduced 
to the non-degenerate case of the U (V, A')-modules. To describe this 
case we introduce reduced data. 

Definition 3.10. Let T be an abelian group, n > 1, L i} G T, Xi G T 

for all 1 < % < n, and (<3.jj)i<jj< n a Cartan matrix of finite type. We 
say that D re d = D re( i(T, (Lj)i<j< n , (ifj)i<j< n , (xi)i<i<n, (a>ij)i<i,j<n) is a 
reduced datum of finite Cartan type if for all 1 < i, j < n 

(3-19) Xl (K J )x J (K l ) = Xl (K i y>i, 

(3-20) X t{L j )=Xi(K i ), 

(3.21) ^i^l,#i)^l 

A reduced datum V> r ed is called generic if Xi{K%) is not a root of unity 
for all 1 < i < n. 

Definition 3.11. Let T> re d be a reduced datum of finite Cartan type, 
and X G ^yV with basis Xi, . . . , x n , yi, . . . , y n , where Xj G X^. , yi G 
Xft. for all 1 < % < n. Let / = (li)i<i< n be a family of nonzero ele- 
ments in k. Then we define U(V red , I) as the quotient Hopf algebra 
of the smash product k(x\, . . . , x n , yi, . . . , y n )#k\T] modulo the ideal 
generated by 

(3.22) ad c (a: i ) 1 ~ a «(x i ) for all 1 < z, j < n,i + j, 

(3.23) ad c (y i ) 1 - a «(y i ) for all 1 < z,j < n,i ^ j, 

(3.24) - Xj(Li)yjXi - 5^(1 - KiU) for all 1 <i,j < n. 

For all 1 < i, j < n we let = Xj(Ki)- 
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The discussion below shows that U(V',\') = U(T> re d,l), where V 
and A' are defined in the end of the last section, and where 

K-i ~ 9ii Li — 9n+ii Xi — X ra+i? h ~ \,i+n' a ij ~ a ij 

for all 1 < i,j < n. 

The definition of U(V re d, is a special case of Definition 13.41 Indeed 
define 

g { = L h g n+i = K h % = X^ ,X n +i = Xi for all 1 < i < n, 

and let {Q>ij)i<i,j<2n De the diagonal block matrix consisting of two 
identical blocks {o>%j)i<ij<n on the diagonal. Then 

T> = T>(T, (gi)i<i<2n, (Xi)l<i<2n, { a ij)l<i,j<2n) 

is a datum of finite Cartan type. Note that (jrS.19)) and (|H.2()jl to- 
gether are the Cartan condition (jl.lj) for T>. We define a family A = 
(\j)i<i,j<2n,if*j of linking parameters for V for all 1 < i < j < 2n, i ^ j, 
by 

J k H 1 < i < n, j = n + i, 
I otherwise 

The remaining values of A are determined by ()3.5|) . Thus the Dynkin di- 
agram of V consists of two copies of the Dynkin diagram of (o>ij)i<i,j<n, 
and each vertex is linked with its copy. Then 

U(V red , I) = U(V, A), where yi = x n+i for all 1 < i < n, 

since the set of relations ([3.22)1 . (|3.23|) . ()3.24|) coincides with the set 
jZZD , (I3~HD . 

The linked pairs of vertices of T> are (i,n+i) and (n+i, i), 1 < i < n. 
Hence we can apply Theorem 13.61 to T> with 

r = {1, 2, . . . , n}, 1+ = {n + 1, n + 2, . . . , 2n} 

and t = id. We call a character \ T dominant for T> re d if there are 
natural numbers mi > 0,1 < i < n, such that 

(3.25) x(KiLi) = for aU 1 < % < n. 

Then a character \ e T is dominant for D re d if and only x is dominant 
for T>, A and J + since for all 1 < % < n 

Xt{9i) = X7\L t ) = x7\Ki) = qr 1 . 

For x £ r we let L(x) be the left module over U(V red , I) = U{V, A) 
of Theorem 13.71 
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Corollary 3.12. Let 

Ki<ni l<i<m (Xi)l<i<n; iflij ) l<ij<ra) 

6e a reduced, generic datum of finite Cartan type, and I = (k)i<i< n be 
a family of nonzero elements in k. 

(1) The map 

{x £ r | x dominant for U(V red , I)} —> Irr([/(D red , Z)), 

given by x ^ L(x), is bijective. 

(2) Let L be a finite- dimensional simple left U(TJ re d, I) -module, and 
X G r a dominant character. Then L = L(x) if and only if 
there is a nonzero element m G L suc/i i/iai Ei ■ m = 0, for all 
1 < i < n, and g ■ m = x{9) m f or a ^ 9 £ T. 

(3) Let x G T a dominant character. Then 

L(X) = L(x)^"< x . 

l<ii,...,it<n, 
t>0 

PROOF: (1) and (2) follow from Theorem 13 .71 and (3) from Proposition 
Ob). □ 

To see that U q (g),g a semisimple Lie algebra, and other quantum 
groups in the literature are special cases of U(T> red ,l), we formulate 
the relations of U(T> re( i, I) in terms of the usual generators Ei and i^. 

Lemma 3.13. Let 

Ei = y h Fi = XiLr 1 , 1 < z, j < n. 

For each connected component J G X we choose qj G k such that fll.4|) 
holds. For all 1 < z, j < n let 

_ j Qijij dtatJ , ifi,j e J,J E X, 

Pij — \ 

[Qij, ififj. 

Then the relations (I3.23J) . ()3.22|) and ()3.24|) of U(V re d,l) can be refor- 
mulated in U(V re d, I) for all 1 < i, j < n as 

/•:' " = o, %± j,i e J, J e x, 

F^- a ^- s F 3 F: = 0, i± j,i G J, J G X, 
(3.28) EiFj - FjEi = 5^%^ - Lr 1 ). 



(3.26) 



(3.27) £(- 



"Pi 
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The action of T is given for all g G T and all 1 < i < n by 

(3.29) gE l9 - x = X i{g)E l ,gF i g- 1 = xl\g)Fi, 
and the comultiplication by 

(3.30) A(Ei) =K i ®E i + E i ®l, A(^) = 1 ® F, t + F t <g> Lr 1 . 

PROOF: This follows from the defining relations of U (T> re d, I) and 
Lemma [3.51 □ 

Remark 3.14. In the situation of Corollary 13.121 let M. be the set of 
all n-tuples m = (mj)i<j<„ of integers > for which there exists a 
dominant character x f°r T^red such that x(KiLi) = 9^)1 < i < n. 
For each m = (mi) G M. we choose a dominant character % m for T> re d 
satisfying 

XmiKiU) = for all 1 < i < n. 
Then any dominant character x f° r T^red has the form 

(3.31) x = iPXm, m e M,tp ef with ^(KiU) = 1 for all 1 < i < n, 

where m and ip are uniquely determined. Note that the algebra maps 
U (T^redi I) k are all of the form ip where ip G T is a dominant 
character satisfying 

(3.32) i>(KiLi) = 1 for all 1 < % < n, 

and where if>(Ei) = = ipi(Fi) for all 1 < % < n, and ^(s 1 ) — ^(s 1 ) f° r a fi 
j G T. Thus the one-dimensional U(V re( i, £)-modules are the modules 
L(ip) = where if) satisfies (|3.32|) . and it follows from Corollary 13.121 
that the finite-dimensional simple U(T> re( i, i)-modules are of the form 

(3.33) L(x) = k$®L(xm), 

where m G A4, and tp G Y satisfies (|3.32j) . □ 

In the following remarks we discuss several special cases of Corollary 
I3.12[ namely the usual one-parameter deformation U q (g,) of U (g), where 
q is a semisimple Lie algebra, Lusztig's version of the one-parameter 
deformation with more general group-like elements, and two-parameter 
deformations of U(gl n ) and U(sl n ). In each case the natural choice for 
the characters Xm is to define them by dominant weights of the weight 
lattice of g. 

Remark 3.15. The quantum group U q (g) [TTJ 4.3], g a semisimple Lie 
algebra, is a special case of U(V re d,l). Let (ctij)i<i,j< n be the Cartan 
matrix of g with respect to a basis ai, . . . , a n of the root system of g, 
di G {1, 2, 3} with c^a^- = djdji for all 1 < i, j < n, and ^ q G k such 
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that q * 7^ 1 for all 1 < i < n. Let T be a free abelian group with basis 
Ki, 1 < i < n, and = Ki or all 1 < i < n. Define the characters 

Xi e r by 

Xj-^i) = g di<lij for all 1 < i, j < n. 
Then V red = V red (T, (Li), (Kj), (xi), ( a ij)) is a reduced datum, and 

U(V red ,l) = U q (Q), 

where /j = g 2d *(g d » — g~ di ) -1 for all 1 < i < n. Note that in Lemma 
13.131 = 1 for all all 1 < z, j < n. 

Assume that q is not a root of unity, and let x G T. Let x a dominant 
character for T> red . By definition there are integers r\, . . . , r n > with 
x(Kf) = q 2dim \ or equivalently 

x(iQ) = ±g dim ' for all 1 < % < n. 

We say that x is a character of type 1 if x(-^j) = g dimi for all 1 < i < n. 
Thus we see that characters of type 1 correspond uniquely to dominant 
weights A = Y17=i m i w ii where w\,..., w n are the fundamental weights 
[TTl 4.1]. If the dominant weight A corresponds to the character x, then 

L(\) = L( X ), 

where L(X) is the simple £/q(0)-module defined in [TTJ 5.5]. This follows 
from Corollary 13 . 1 21 ( 2 ) . since L(X) is a finite-dimensional simple U q (g)- 
module and contains a non-zero element v\ with 

Ei-v x = 0, Ki • V\ = g( A - Q * V, 1 < i < n, 
where (A, oti) = dirrii (see |111 4.1]) for all 1 < i < n. □ 

Remark 3.16. Similarly the quantum group U defined in [§1 3.1.1], 
where the Cartan datum (/, ■) is of finite type, is a special case of 
U(V red ,l) (This also holds in general, if we assume that (a^) is a 
symmetrizable generalized Cartan matrix). In 3.1.1] a root da- 
tum (Y, X, <, >, ...) of type (/, ■) is given. Let T be the group with 
generators K^/i G Y, and relations K = l,K^K^i = K^ +IM i for all 
fi, \J G Y. Thus r = Y is a free abelian group of finite rank. To avoid 
confusion we denote the elements of T by K' and not by K^. Define 

characters Xi £ F by 

X,(^)=^ J,> for all/xGF,jG/. 

For all i,j E I we define (i, = y,aj.,- =< >, and = Li = K' di . 
Then ( Cartan matrix of finite type, and 

Xj(Ki) = v diai] for all i, j G /. 
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Again V red = V red (T, (Li), (Ki), (xi), (%•)) is a reduced datum (where 
we identify I with {1,2,..., n}), and 

U(V red ,l) = U q (Q), 

where U = t> Mi (t> di — -y^*)- 1 for all 1 < i < n. 

Note that the matrix (xj(Ki)) is symmetric as in the previous re- 
mark, but it is not assumed that the elements Ki generate the group 

r. 

Let M be a left U-module. For any A G X let 

M x = {m E M \ K'^m = v^'^m} 

be the weight space of M of weight A. The category C consists of all 
left U- modules M such that 

M = © AeX M A . 

By 3.5.5, 6.3.4] the finite-dimensional simple U-modules in C are 
isomorphic to A\, where A G X is dominant, that is < i, A >G N for all 
i G /. Let A G X be dominant. The U-module A\ contains a nonzero 
element rj\ of weight A such that Ei ■ r)\ — for alH G /. By Corollary 
I3~T21 A A = L(x), where \ G f is defined by x(^) = ^ <M> for all 
/i G Y. Note that x(-^j) = vdim% f° r an « ^ h where m, =< z, A >G N. 

Thus we recover the classification of finite-dimensional simple U- 
modules in the category C. In Corollary 13. 121 and ()3.33|) this classifica- 
tion is extended to all finite-dimensional simple U-modules. □ 

Remark 3.17. In [6 Benkart and Witherspoon give a classification of 
the finite-dimensional simple modules over a two-parameter deforma- 
tion of the general linear and special linear Lie algebras. We will see 
that their classification in [UJ Theorem 2.19] is a special case of Corol- 
lary EH! Fix a natural number n > 1, nonzero elements r,s G k, and 
assume that rs _1 is not a root of unity. Let E be a euclidean vector 
space with inner product (, ) and orthonormal basis €%,..., e n+ \. Define 
ai = €i — e i+ i for all 1 < i < n. Thus {e« — €j \ 1 < i,j < n + 1, i ^ j} 
is a root system of type A n with basis oti, . . . , a n . 

Let ai, . . . , a n+ i, fei,..., & n +i be the basis of a free abelian group of 
rank 2(n + 1). Define characters Xj G T for all 1 < j < n by 

Xj ( Qi ) = r (ei ' af) , Xjipi) = s^'^ for all 1 < % < n + 1. 
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Let Ki = aib i+1 ,Li = (a^ibi)' 1 and q, Lj = Xj( K i) for all 1 < i,j < n. 
Then for all 1 < i, j < n, 

qu = rs' 1 , 





if 




I 1 ' 


if 


1* — .71 



Thus the Cartan condition (jl.ljl is satisfied with the Cartan matrix 
{a-ij)i<i,j<n of type A n defined by 




if = 1, 

if \i-j\ > 1, 



and V re( i = V re d(T, (Li), (Ki), (xi), ( a ij)) is a reduced datum. Note 
that the matrix (g^) is not symmetric. Choose q G k with q 2 = rs' 1 . 
Then the Serre relations ()3.26|) for \i — j\ = 1 are here 

E%Ej - PiM + q-^EiEjEi + p^EjE 2 = 0. 

Since q iti+1 = s, q i+1>i = r _1 we find 

Pi,i+i(q + q' 1 ) = r + s, p 2 i+1 = rs, 



Pi+i,i(q + q ^ = r : + s 1 , p 2 i+1 



r s 



hence 



E 2 E i+1 - (r + s)EiE i+l Ei + rsE i+l E 2 = 0, 
E t E 2 +1 - (r + s)E i+1 E l E l+l + rsE 2 +l Ei = 0. 

The Serre relations ()3.27|) for \i — j\ — 1 are 

F 2 F l+1 - (r- 1 + s-^FiFi+tFi + r^s^F^F 2 = 0, 
F t F 2 +l - (r- 1 + s-^F^FiF^ + r" V^F, = 0. 

Thus we have established the relations (R6) and (R7) in j^j, and 

U(V red ,l) = U r>s (Ql n+1 ), 

defined in jB], with Ei = Ci, Fi = fi for all 1 < i < n, where we take 
li = rs _1 (r — s)" 1 for all 1 < i < n, and I = (Zj). 

A dominant weight A is an element A in Ze! © • ■ ■ © Ze n+1 such that 
(a,, A) G N for all 1 < % < n. If A = Y^=i ^« e i; where Aj G Z for all 
1 < % < n + 1, then A is dominant if and only if 

Ai > A2 > • • • > A n+ i. 
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Following |6. we define for any dominant weight A a character A by 
A( ai ) = r^' x \\(bi) = s (e " A) for all 1 < i < n + 1. 

Note that 

X(KiLi) = (rs- 1 )^'^ = q£ i>X) for all 1 < % < n + 1. 

Thus A is a dominant character in our sense. If m = (mj)i<j< n is any 
family of natural numbers > 0, we define Aj = ^2 =i m^, 1 < i < n, and 
A n +i = 0. Then = A) for all 1 < i < n, where A = Y17=i ^« e «- 

This shows that the classification of the finite-dimensional simple 
U r}S (Q [ n+1 )-modules (and similarly [/ rjS (s[ n+ i)-modules) in fi, Theorem 
2.19] is a special case of our Corollary 13.121 □ 

3.4. The Finite-dimensional Case. In this section we fix a finite 

abelian group T, a datum V = V(T, {gi)i<i<e, {Xi)i<i<e, (ay)i<ij<e) of 
finite Cartan type, and a family A of linking parameters for T>. 

We assume that for all 1 < % < 9, ord(qu) is odd and > 3, that 
ord(qa) is prime to 3 if i is in a component G2. 

For each connected component J G X, and positive root a of the root 
system $ j of J let x a be the root vector in the free algebra k{xj \ j E J) 
defined in (21 Section 4.1] generalizing the root vectors in jU]. 

Definition 3.18. Let u(T>,\) be the quotient Hopf algebra of the 
smash product k(x%, . . . , xg)#k\T] modulo the ideal generated by ()3.7|) . 
(P and 

(3.34) x% J for all a G $J , J G X . 

In addition we assume that the linking graph ofV, A is bipartite. By 
Lemma f3. 21 this holds in particular if (ay) is simply laced. 

We proceed exactly as in the previous section and use the above 
notations. The only difference is the definition of A as in proof of 
Theorem 5.17]. 

Let A be the abelian group with generators Z{,i G I~ , and relations 
z?* = 1 for all i G I~ , where is the least common multiple of ord(gj) 
and ord(xi)- For all j G I let r]j G A be defined by r)j(zi) = Xj(.9i) f° r 
all i G I". 

Let W G \yV with basis m G W*,i G I~ , and V G $yD with basis 
aj G V<^\j G I + . We define 

U = <B{W)#k[\] and A = »(V)#jfe[A]. 

Then [/ = »(W) and A = «8(y) by [2, Theorem 4.5]. 

As in the infinite case using Theorem II .21 we define for all % G I~ the 
algebra map 7^ : A — > k, the (e, 7j)-derivation <5j : A — >• and the Hopf 
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algebra map $ : U — > A 0cop . Let a be the 2-cocycle corresponding to 
$. As in the proof of (21 Theorem 5.17] we obtain 

Theorem 3.19. The group-like elements zi ® ,i G X 2 , are central 
in (U ® A) a , and there is an isomorphism of Hopf algebras 

u(V, X) = (U® AY/( Zi <g> gr 1 - 1 ® 1 | i e r) 

mapping x-i with i G I~,Xj with j G I + , resp. g G T onto the residue 
classes of Ui ® 1, 1 Cg) a.,- resp. 1 <S> (7. 

For any x G T define p G A by p(zj) = x(9i) f° r an * J - . As 
above we define = L(x, p) as a left module over U(V,\). As 

in the infinite case we define the reduced datum V, and u(V, A') by 
adding the root vector relations, and the Hopf algebra projection F : 
u(V,X) ^u(V',X'). 

Theorem 3.20. The function 

f^lTT(u(V,X)), X ^[L(X)}, 
is bijective, and pullback along F defines a bijection 
F* : Irr(w(Z>', A')) -> hr(u(V, A)). 

PROOF: This is shown as in the proof of Theorem 13.71 and Corollary 
EH using Theorem O (2) . □ 

In particular each Xf., k ^ t(i), 1 < i < 2n, is contained in the kernel 
of F, hence Xk lies in the Jacobson radical of u(T>, A) by Theorem 
13.201 We give another proof of this fact without using the bipartiteness 
assumption. 

Theorem 3.21. Let T>, A be as in the beginning of this section but where 
the linking graph of T>, A is not necessarily bipartite. Let 1 < k < 9 be 
a vertex which is not linked to any other vertex. Then Xk is contained 
in the Jacobson radical of u(V, A). 

PROOF: Let J be the connected component of the Dynkin diagram 
containing k. Let uj be the subalgebra of u(T>, A) generated by all 
Xj, j G J, and let u' be the subalgebra of u(V, A) generated by all g G T 
and Xi, I ^ J. Then using the PBW-basis in Theorem 3.3] it follows 
that 

u(V, A) = u'uj. 

Since i is not linked, Xk skew-commutes with all the generators of u' . 
Hence u(V, X)xku(V, A) C u(V, X)uj. Since the augmentation ideal u~j 
of uj is nilpotent we see that Xk generates a nilpotent ideal in u(V, A). 
□ 
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